We analyze the competitive evolution of codimension one and two morphologies within the H −1 gradient flow of the strong Functionalized Cahn Hilliard equation. On a slow time scale a sharp hypersurface reduction yields a degenerate Mullins-Sekerka evolution for both codimension one and two hypersurfaces, leading to a geometric flow that depends locally on curvatures couples to the dynamic value of the spatially constant far-field chemical potential. Both codimension one and two morphologies admit two classes of bifurcations, one leads to pearling, a short-wavelength in-plane modulation of interfacial width, the other flips motion by curvature to the locally-ill posed motion against curvature, which leads to fingering instabilities. We present a bifurcation diagram for the morphological competition, and compare our results quantitatively to simulations of the full system and qualitatively to simulations of self-consistent mean field models and laboratory experiments; illuminating the role of the pearling bifurcation in the development of complex network morphologies.
of self assembly of materials with desirable ionic and electronic conduction properties, [Blanazs et al., 2009] .
A molecule is amphiphilic with respect to a solvent if it has two moieties, one of which has an energetically favorable or hydrophilic interaction with the solvent and the other with an energetically unfavorable or hydrophobic interaction. In biological setting the classic amphiphilic molecule is the lipid, which is comprised of a compact hydrophilic head group and a relatively short, stiff hydrophobic hydrocarbon chain. In synthetic chemistry there is a rapidly growing literature for the construction and characterization of amphiphilic diblock polymers comprised of polymer chains formed from adjustable lengths of hydrophilic and hydrophobic polymers bonded together. Amphiphilic molecules are typically characterized by the Florey-Huggins parameters indicating the strength of the hydrophobic/hydrophilic interactions, [Fraaije and Sevink, 2003 ] and the aspect ratio of the two moieties, see [Mouritsen, 2011] for a discussion of aspect ratio in the biological context, and [Blanazs et al., 2009 ] for a discussion of aspect ratio in amphiphilic diblocks.
Amphiphilic mixtures form a wide variety of morphological structures, include codimension one bilayers (vesicles, liposomes), codimension two filaments (rods, cylinders), codimension three micelles (spheres), and various defect structures such as end-caps, "Y" junctions, and mixed morphologies all of which have no well defined codimensional reduction. The bifurcation structure of these mixtures has been experimentally investigated for a variety of different diblock structures, two seminal experiments unfold this bifurcation structure by varying the solvent blend to modify strength of the amphiphilic interaction, [Discher and Eisenberg, 2002] , and by varying the aspect ratio of amphiphilic materials, [Jain and Bates, 2003 ], see Figure 1 . Increasing the strength of the amphiphilic interaction and decreasing the aspect ratio of the minority phase produce similar results: a sequence of bifurcations in which codimension-one bilayers yield to codimension-two filaments which yield in turn to codimension-three micelles. In some experiments these structures are reported to coexist for certain parameter values, and in some there are regions of more complex morphologies associated to the defects and network structures mentioned above. Our results suggest that development of complex network morphologies may be associated to transient passage through pearling bifurcations, see Figure 7 (right), and that coexistence may be a result of long transients associated to a full relaxation of the competing morphological structures; this idea is supported by experimental results, see [Jain and Bates, 2004] who report that transient structures can persist for months. In this light, regions identified as supporting co-existing morphologies could possibly resolve into a single morphology given sufficient time.
In this paper we address the issue of coexistence and bifurcation in disjoint mixtures of codimension one and two morphologies within the context of the H −1 gradient flows of the strong Functionalized Cahn Hilliard free energy. In particular we derive expressions for the curvature driven flow for these mixtures on long-time scales, showing that coexistence of bilayers and filaments is not generic for this model, and identifying regimes in which codimension one and two morphologies are unstable to fingering or pearling bifurcations. We compare our asymptotic results to simulations of the full system, to simulations of self-consistent mean-field density functional models of amphiphilic polymer melts, to experimental bifurcation diagrams, and to the studies of Szostak et al that sought to illuminate possible mechanisms for cell division in primative proto-cells via fingering and pearling bifurcations.
result: network formation in two-component dilute aqueous solutions of PB-PEO. Previous experiments with relatively low molecular weight macromolecular surfactants produced three basic structural elements: spheres (S), cylinders (C), and bilayers (B). These zero-, one-, and twodimensional structures are readily dispersed in water at low concentration as spherical micelles, wormlike micelles, and vesicles, respectively, mimicking the wellestablished states of aggregation created when low molecular weight amphiphiles are mixed with water (12). Here we demonstrate the formation of "Y-junctions," which assemble into a dense, three-dimensional network (N) accompanied by macroscopic phase separation. Isolated fragments of the network have been evaluated with cryogenic transmission electron microscopy (cryo-TEM), from which we deduce that the Y-junction is preferred thermodynamically above a critical surfactant molecular weight at compositions between those associated with the B and C morphologies. These findings are consistent with theoretical predictions recently developed (13, 14 ) and demonstrated (15, 16 ) with traditional three-component (surfactant/oil/water) microemulsions, signaling a fundamental transition in self-assembly behavior as the amphiphile molecular weight is increased beyond a critical value. Two sets of PB-PEO diblock copolymers (Scheme 1), each containing constant molecular weight poly(1,2-butadiene) blocks (M n,PB ϭ 2500 and 9200 g/mol) and varying weight fractions of PEO (w PEO ), were synthesized with anionic polymerization techniques described elsewhere (17 ) . Fifteen compounds with degree of polymerization N PB ϭ 46 and 0.30 Յ w PEO Յ 0.64, and 13 with N PB ϭ 170 and 0.24 Յ w PEO Յ 0.62, were prepared; in all cases, the compounds had relatively narrow molecular weight distribution, M w /M n Ͻ 1.1. These diblock copolymers were mixed with measured amounts of distilled water, generally at a concentration of 1 weight percent (wt%), and stirred at room temperature.
Solution morphologies were characterized with cryo-TEM, a powerful microscopy technique capable of imaging molecular-scale structures in thin (ϳ100 to 300 nm) films of vitrified aqueous solutions. The results for the 1% mixtures are summarized in Fig. 1 . With N PB ϭ 46, we find the classic sequence of dispersed structures (B, C, and S) separated by mixed morphology regimes (B ϩ C and C ϩ S) with increasing PEO content, in agreement with an earlier report (11) . Increasing the size of the hydrophobic block by nearly four times (N PB ϭ 170) dilates the dimensions of the hydrophobic cores by about three times (not illustrated here) and shifts the composition window for wormlike micelles (and perhaps vesicles and spherical micelles) to lower values of w PEO .
However, the most dramatic structural changes we found were at compositions between the B and C regions. Decreasing the length of the PEO block leads to the formation of Y-junctions in the nominally cylindrical micelles. Even for w PEO ϭ 0.42, which we associate with the C region in Fig. 1 , the wormlike micelles contain occasional branches; two have been captured in the cryo-TEM image shown in Fig. 1B . Decreasing w PEO to 0.39 induces striking morphological changes ( Fig. 2A) . Branched cylindrical loops, branched linear wormlike micelles, and Y-junctions terminated by enlarged spherical caps characterize this representative image. Macroscopically, this solution is opaque (milky) but showed no tendency to phase separate even after sitting quiescently for several months.
Unlike any of the other specimens examined in this study, dilute mixtures of the w PEO ϭ 0.34 diblock copolymer phase separate macroscopically at room temperature. This process is slow but unmistakable. Several hours to several days after cessation of stirring, an opaque layer develops above a relatively clear majority (water) phase. Increasing the polymer concentration greatly enhances the viscosity, thus slowing macroscopic phase separation; a soft solid gel forms between 22 and 26 wt% block copolymer. We have obtained cryo-TEM images from 1% solutions of this material with mixing protocols that range from gentle stirring to vigorous sonication. In each case, an opaque, low-density phase reemerges after a quiescent period. Figure 2 , B and C, illustrates two representative cryo-TEM images of the associated self-assembled structures captured before macroscopic phase separation. This macromolecular surfactant forms an extended three-dimensional network morphology dominated by Y-junctions. Detailed analysis of large pieces of network, like that found in Fig. 2B Fig. 2A) , is followed by network (N) formation and macroscopic phase separation at w PEO ϭ 0.34 (Fig. 2 , B and C). Only the classic structures (B, C, and S) were found at N PB ϭ 46, indicating a fundamental structural transition from classic two-component (surfactant/water) to three-component (surfactant/oil/ water) phase behavior above a critical diblock copolymer molecular mass. Speculated (dashed lines) and established (solid lines) morphological boundaries do not reflect precise transition conditions. Open and filled symbols refer to previous (11) and current experimental results, respectively. Bars (A to C), 100 nm. Polystyrene (PS) -Polyacrylic acid (PAA) as function of increasing water content in water-dioxane solvent blend (horizontal axis) and polymer %-weight fraction of the overall mixture (vertical axis). Increased water volume fraction drives bifurcation to lower codimensional morphologies without inducing pearling. From [Discher and Eisenberg, 2002] . Reprinted with permission from AAAS. (right) Polyethylene oxide (PEO) -Polybutadiene (PB) amphiphillic morphology as function of the PEO weight fraction, w PEO within diblock (horizontal axis) for molecular weights of PB fixed at N PB = 45 and 170 (vertical axis). Disordered phases are observed for the higher value of N PB . Images of polymer morphologies are included inset, as well as schematic representations of codimension one, two, and three morphologies and 'Y' junctions. From [Jain and Bates, 2003] . Reprinted with permission from AAAS.
The Functionalized Cahn Hilliard (FCH) free energy models the free energy of a binary mixture of an amphiphilic molecule and a solvent. It supports stable network morphologies including codimension one bilayers and codimension two filaments as well as pearled morphologies and the defects such as end-caps and Yjunctions, [Promislow and Wetton, 2009 , Gavish et al., 2011 , Dai and Promislow, 2013 , Doelman et al., 2014 , Promislow and Wu, 2015 . The FCH free energy takes the form
where W is a double-well potential with minima at u = b ± whose unequal depths are normalized so that
and is non-degenerate in the sense that α ± := W (b ± ) > 0. Here ε 1 is small parameter corresponding to the ratio of length of the amphiphilic molecule to the domain size, u = b − is associated to a bulk solvent phase, while the quantity u − b − > 0 is proportional to the density of the amphiphilic phase. The functionalization terms, η 1 > 0 models the strength of the hydrophilic interaction and rewards increases in interfacial surface area and hypersurface length with a decrease in free energy.
The parameter η 2 ∈ R encodes the aspect ratio of the amphiphilic molecule, as discussed in Section 4.3.
Equivalently these parameters are analogous to the surface and volume energies typical of models of charged solutes in confined domains, see [Scherlis et al., 2006] and particularly equation (67) of [Andreussi et al., 2012] .
The minus sign in front of η 1 is of considerable significance -it incorporates the propensity of the amphiphilic surfactant phase to drive the creation of interface. Indeed, experimental tuning of solvent quality shows that morphological instability in amphiphilic mixtures is associated to (small) negative values of surface tension, [Zhu et al., 2009] and [Zhu and Hayward, 2012] . The exponent p in the functionalization terms corresponds to a distinguished limit of a distinct small parameter: there are two natural choices for the exponent p. In the strong functionalization, p = 1, the functional terms dominate the Willmore corrections from the squared variational term. The weak functionalization, corresponding to p = 2, is the natural scaling to balance the curvature-type Willmore terms appear at the same asymptotic order as the functional terms. In this paper we focus on the strong FCH free energy.
Prior work on FCH gradient flows has focused on the weak scaling. In [Dai and Promislow, 2013 ] the authors derived the geometric evolution of bilayers at the quenched mean-curvature flow on the O(ε −1 ) time scale and as a surface area preserving Willmore flow on the O(ε −2 ) time scale. The geometric evolution of codimension two morphologies was derived in [Dai and Promislow, 2015] , obtaining a quenched curvature driven geometric evolution of the filament hypersurface on the O(ε −1 ) time scale and a length-preserving Willmore type flow on the O(ε −2 ) time scale. Moreover, it was found that the codimension one and two morphologies can co-exist on the faster O(ε −1 ) time scale in the weak FCH, but compete on the longer O(ε −2 ) time scale.
However, rigorous investigation of the pearling bifurcation in the weak FCH is complicated by its leading order coupling to the curvature of the underlying hypersurfaces. Conversely in the strong FCH, the pearling bifurcation is independent of morphology and was rigorously characterized in [Kraitzman and Promislow, 2017] for a wide class of admissible codimension one and two morphologies.
Fixing
and applying periodic boundary conditions to H 4 (Ω), the first variation of F, also called the chemical potential µ, associated to a spatial distribution u ∈ H 2 (Ω) takes the form
where η d := η 1 − η 2 . The Functionalized Cahn Hilliard equation is the associated H −1 gradient flow,
supplemented with periodic boundary conditions on Ω. The mathematical focus of the paper is on the multiscale analysis of the evolution co-existing systems of codimension one and two admissible morpholgies.
On the O(ε −1 ) time scale we find that the H −1 gradient flow drives well separated filament and bilayer structures through a competitive quenched mean-curvature driven flow mediated through the common value of the spatially constant far-field chemical potential, µ 1 . The Mullins-Sekerka problem familiar to Cahn
Hilliard evolution is present, but is unforced and has a trivial solution for both the codimension one bilayer and codimension two filament morphologies. As a consequence the curvature evolution is largely a local phenomena, coupled to global structure only through the interaction with the spatially constant far-field value of the chemical potential. The physical union of admissible codimension one and codimension two morphologies yields an admissible structure so long as the reaches are disjoint; the extension to an outer solution requires only a common value of the spatially constant chemical potential, µ 1 .
The chemical potential serves as a bifurcation parameter, triggering two potential types of instability for each codimension of morphology. Indeed, in [Hayrapetyan and Promislow, 2015] it was shown for the weak FCH that the pearling and fingering (also called geometric meander) are the only possible instabilities for bilayers. The fingering instability is the transition from motion by mean curvature to motion against mean curvature that leads to growth of high-curvature regions which can become fingering protrusions. This transition occurs as µ 1 increases through the value µ * b for bilayers and µ * f for filaments, see (2.52) and (3.89), respectively. We say the evolution is "fingering stable" when µ 1 is less than the corresponding value. Con-ceptually, when the far-field chemical potential, corresponding to the density of amphiphilic molecules in the bulk, is low the morphologies lose amphiphilic groups to the background and their evolution is given by motion proportional to curvature. This leads to loss of surface area and is stable, modulo self-intersection of interfaces or hyper-surfaces. Conversely, if µ 1 exceeds one of these critical values then the evolution transitions to motion against mean curvature, which we call "fingering unstable", and can be related to an ill-posed parabolic evolution for the curvatures of the underlying morphology in the sharp-interface limit, [Gavish et al., 2011] . This evolution leads to morphologies that are not admissible and hence is outside of our analysis. Numerical simulations of the FCH equation show that the motion against curvature is associated with fingering instabilities that yield 'Y ' junctions, end-caps, and other non-codimensional structures. The second mode of instability is the "pearling bifurcation" which leads to periodic modulations of the width of a codimension one interface or the radius of a codimension two hypersurface. In [Kraitzman and Promislow, 2017] a sharp condition for pearling stability is derived that relates the chemical potential to the parameter η d and constants that depend implicitly on the form of the double-well W . Specifically the bilayers are stable with respect to the pearling bifurcation if and only if 4) and similarly filaments are pearling stable if and only if 
Here φ b and φ f are the bilayer and filament profiles, defined in (2.6) and (3.10), while Φ b,1 and Φ f ,1 , defined in (2.8) and (3.16), encode the impact of a change in chemical potential on the shape of the bilayer and filament, respectively. If the shape factor is negative, then pearling stability is favored by large (positive) values of µ 1 , while if it is positive then pearling stability is favored for small (negative) values of µ 1 . In [Promislow and Wu, 2015] the existence of pearled codimension one circular and flat equilbrium was demon-6 strated in R 2 for the strong FCH.
Our main analytical result is the derivation of a curvature driven flow law for these hybrid morphologies via a multiscale analysis. The flow couples the evolution of the two morphologies through the temporally evolving value of µ 1 . Given admissible codimension one interface Γ b , see Definition 2.1, and codimension two hypersurface Γ f , see Definition 3.1 with disjoint reaches, (2.2) and (3.4) respectively, then the composite solution defined in (4.2) is admissible so long as the pearling stability conditions (1.4)-(1.5) and the fingering stability conditions µ 1 < µ * b and µ 1 < µ * f hold. In this case the evolution of Γ b and Γ f are given by their normal velocities
through the mean curvature H 0 of Γ b and vector curvature κ of Γ f , while the chemical potential satisfies
where the constants ν b and µ * b are defined in (2.52) while ν f and µ * f are defined in (3.89). We say that the flow (1.7)-(1.9) is admissible if both the bilayers and filaments are pearling and fingering stable and both morphologies Γ b and Γ f remain admissible with disjoint reaches under their evolution.
Our main scientific result is a conjectured mechanism for the onset of morphological complexity observed in Figure 1 (right) for the longer N PB = 170 PEO-PB diblocks. For the shorter N P B = 45 chains increasing the weight fraction of the amphiphililc PEO component leads to passage through a region of coexistence of codimension one and two morphologies. In the longer chains this comparable region supports coexisting bilayers and branched filaments, followed by strongly connected network morphologies, followed by Y -junction dominated filaments as w PEO is increased. The results derived in the current work suggest the existence of a region of strong interplay between the pearling and fingering bifurcations that resides between the regions of stable bilayers and stable filaments. During a casting process the far-field chemical potential would decrease from a high value as the dispersed polymer is amalgamates into the growing structures; the analysis predicts that this falling value would trigger a series of pearling and fingering bifurcations in both the bilayer and filament morphologies that result in a complex blend of defects and morphologies. The complexity of the end state is born out by both experiments and simulations of the FCH free energy, see Figure 7 (center and right).
There are two significant caveats to this conjecture. The first is that the morphological complexity takes place entirely outside the admissible region; while the prediction of the onset of pearling will hold for admissible substructures, the curvature driven flow derived flow could end abruptly in finite time and does not apply to pearled morphologies. The second is that the pearling bifurcation cannot be robustly suppressed within the FCH free energy. The shorter chain length experiments, and the experiments of Dicher and Eisenberg, Figure 1 (left), do not display the pearling bifurcation. The FCH has neither the ability to inhibit the pearling bifurcation nor a mechanism to explain why it would be expressed in longer polymers and not in shorter but otherwise identical ones. These points are expanded upon in the Section 5.
In Sections 2 and 3, respectively, we apply a multiscale analysis to derive the long time-scale evolution of admissible codimension one and two morpologies under the FCH equation. In particular we determine the impact of the far-field chemical potential on the curvature driven flow. In section 4 we extend these results to hybrid morphologies, deriving the laws governing their competitive evolution. We present bifurcation diagrams that show the regions of pearling and fingering stability of each morphology, and compare them to simulations of the FCH equation, to self consistent mean field density functional theory simulations, and to the experimental bifurcation diagrams presented in Figure 1 . These are the first results that explicitly quantify the complexity of the transients associated to amphiphilic polymer blends and identify the role of the pearling bifurcation in the generation of complex network morphologies.
Geometric evolution of codimension one morphologies
In this section we derive the geometric evolution of admissible codimension one interfaces, which we refer to as bilayers. These calculations are carried out in R d , but we will restrict our attention to R 3 for the analysis of filaments. We consider the local, mass-preserving H −1 gradient flow of the strong FCH given in (1.3).
The multiscale analysis of this section follows closely from the reductions of [Dai and Promislow, 2015] , which considered the weak scaling of the FCH gradient flow. For brevity we present only the main calculations.
It is well known that for single-layer interfaces, that is codimension one interfaces which separate distinct phases, the O(ε −1 ) and O(ε −2 ) time scales yield Stefan and Mullins-Sekerka problems for the interfacial motion [Pego, 1989 , Alikakos et al., 1999 , Alikakos et al., 2000 . For single layers motion of the interface requires transport of materials on either side. For bilayers we derive theses reduced flows, but they have trivial solutions, as the interfacial motion of an interface with the same material on either side does not require long-range transport. The result is a local geometric flow, driven by membrane curvatures and coupled to the far-field, spatially constant, chemical potential.
Admissible codimension one interfaces and their dressings
Given a smooth, closed two-dimensional manifold Γ b immersed in Ω ⊂ R d , we define the local "whiskered"
coordinates system in a neighborhood of Γ b via the mapping (ii) The whiskers of length 3 < 1/K, in the unscaled distance, defined for each s 0 ∈ S by, w s0 := {x : s(x) = s 0 , |z(x)| < 3 /ε}, neither intersect each-other nor ∂Ω (except when considering periodic boundary conditions).
(iii) The surface area,
For an admissible codimension one interface Γ b the change of variables x → ρ(s, z) given by (2.1) is a C 4 diffeomorphism on the reach of Γ b , defined as the set
On the reach we may expand the Cartesian Laplacian in terms of the Laplace-Beltrami operator ∆ s and the curvatures,
where H j (s) is related to the j th powers of the curvatures
and, in particular, H 0 is the mean curvature of Γ b . See [Dai and Promislow, 2013] for more details.
Definition 2.2. Given an admissible codimension one interface Γ b ∈ G b K, and f : R → R which tends to constant value f ∞ at an exponential rate as z → ±∞, then we define the H 2 (Ω) function
where χ : R → R is a fixed, smooth cut-off function which takes values one on [0, 1] and 0 on [2, ∞). We call f Γ b the dressing of Γ b with f , and by abuse of notation will drop the Γ b subscript when doing so creates no confusion.
In the codimension one local coordinates system, the quadratic term within the FCH, (1.1), reduces to a second-order ODE in z, and the bilayer profile φ b , is defined to be the solution of this equation
which is homoclinic to the left well b − of W . We denote by U b the dressing of Γ b by φ b , and introduce the associated linear operator
This operator is Sturmian on L 2 (R) and has a positive ground-state eigenvalue λ b,0 > 0 with eigenfunction 
Inner and outer expansions
Assuming initial data arising from the dressing of an admissible initial codimension one interface Γ b (t 0 ) ∈ G b K, , we describe the coupled geometric evolution of the interface and the far-field chemical potential as a flow in time t. We consider formal, multi-scale analysis of the density u and the chemical potential µ. Away from the interface Γ b , in the far-field,Γ b, , the outer solution u has the expansion
and within the reach Γ b, , at a time-scale τ , we have the inner spatial expansion
The normal velocity V of Γ b at a point s(t) is denoted by
On the slow time τ = εt, the time derivative of the inner density functionũ, defined in (2.10), combined with the normal velocity, (2.11), takes the form
At the interface we have the standard matching conditions
which reduce to the relations
14)
where ∂ ν is the derivative in the normal direction of Γ b , and u ± i are limits of the left-hand side of (2.13) as
The chemical potential, µ, defined in (1.2), admits a similar outer and inner expansions whose terms are slaved to the density u through the outer relations, 17) and the inner relations,
Due to the second order form of the H −1 gradient, matching conditions are required for the chemical potential,
2.3 Time scale τ = εt: quenched curvature driven flow
We focus on the first relevant slow time-scale, τ = εt, inserting the time derivative and chemical potential expansions into the FCH gradient flow, (1.3). In the outer region we obtain the relations
The relevant solution to the O(1) relation is the spatially constant density, u 0 = b − . With this reduction the
which is subject to interior layer matching and exterior boundary conditions derived in the sequel.
In the inner region we supplement the expansion (2.10) with the form of the Laplacian in inner variables, given in (2.3). Collecting orders of ε we find 27) whereμ 0 is defined in (2.18). This relation is satisfied byũ 0 = U b , which is consistent with our choice of initial data corresponding to the dressing of an admissible bilayer with the bilayer profile. Modulo this form the next orders in the expansion take the form, is independent ofz, i.e.,μ 1 =μ 1 (s, t). Similarly, we simplify the inner expression forμ 1 in (2.19) which yields the expressionũ
where Φ b,2 is defined in (2.8). Sinceμ 1 is independent of z, the relation (2.29) reduces to
We use this relation to obtain interfacial jump conditions on µ 1 . Integrating (2.31) with respect to z over R and using the homoclinic nature of U b we find the identity
which when reported to the matching condition (2.23) yields the key outer interfacial jump relations
Coupling these boundary conditions with the elliptic problem (2.26) typically yields a Mullins-Sekerka problem for the long-range transport of material; however the homogeneous jump conditions imply that ∆µ 1 = 0 in all of Ω, which subject to the exterior boundary conditions implies that the far-field chemical potential, µ 1 , is constant.
To extract the normal velocity we return the reductionũ 0 = φ b to (2.20), which reduces tõ
where we have introduced the quantity
, and integrating (2.31) twice from 0 to z we obtain the relatioñ
while integrating from z = −∞ to z = 0, using the matching condition (2.23), and recalling that µ 1 is constant
Replacingμ 2 in (2.38) with its expression from (2.34) and solving for L 2 b,0ũ 2 yields an expression forũ 2
By the Fredholm Alternative, this equation has a solutionũ 2 ∈ L 2 (R) if and only if the right-hand side is perpendicular to ker L b,0 , which is spanned by φ b . This solvability condition is enforced by selecting the value of V . Taking the inner product of (2.39) with φ b , and recalling thatũ 1 , defined in (2.30), is even and the operator L b,0 preserves symmetry, parity considerations reduce the Fredholm condition to
Simplifying the integrals in the inner product, and solving for the normal velocity V yields the expression
where we have introduced the constants
To fix the normal velocity, it remains to determine the spatially constant value of the far-field external chemical potential, µ 1 , which is determined by the interplay between the length of the interface Γ b and the total mass of amphiphilic material. Form the form ofũ 0 andũ 1 in (2.30), we have the composite formulation
which has the spatially constant far-field asymptotic value 44) where
The gradient flow conserves the total mass,
Using the form of the composite solution, (2.43), we evaluate the integral over the reach and its complement,
Changing to whiskered coordinates in the localized integral yields
The form of the initial data implies that the mass scales as M = O(ε). We scale the mass
and expand the curve length
Evaluating the integrals in equation (2.47) and solving for µ 1 yields the expression
where m b is defined in (2.42). On the other hand, the length of a smooth curve subject to normal velocity V satisfies 50) so that, subject to (2.41) the interface has the leading order growth
Taking the time derivative of (2.49), using (2.51) to eliminate d dτ γ 0 , and introducing the constants 52) we arrive at the quenching mean-curvature driven flow for the normal velocity and the chemical potential
53)
This flow drives the external chemical potential to its equilibria value µ * b in competition with the singular nature of the curvature driven flow. Indeed, the sign of the right-hand side of µ 1 − µ * b , determined by initial data, is influential. If this is positive then there is an excess of amphiphilic material in the far field (bulk) and the geometric interfacial motion is against mean curvature. This leads the interfacial area to grow uncontrollably, 16 in an ill-posed backwards-heat equation for the interfacial curvatures. If this quantity is negative then the far-field value of the amphiphillic material is undersaturated, the bilayers shrink in volume following the locally well-posed motion by mean-curvature. The mean-curvature flow is well known to have finite-time singularities corresponding to self-intersection of interfaces. However in the coupled system these finite time singularities can be arrested if the chemical potential approaches equilibrium first, quenching the singularity formation.
Since µ 1 = α 2 − u 1 , the far-field behavior of the density, u, in the quenched limit takes the value
3 Geometric evolution of codimension two morphology
We derive the geometric evolution of admissible codimension two hypersurfaces, called filaments, in R 3 under the H −1 gradient flow (1.3). Codimension two flows are much less studied than codimension one, however our analysis leads to a similar result: a curvature-vector driven normal flow that may be quenched by a convergence of the far-field chemical potential to its equilibrium value.
Admissible codimension two hypersurfaces and their dressings
Given a smooth, closed, non-self intersecting one-dimensional manifold Γ f immersed in Ω ⊂ R 3 , and parameterized by s ∈ S → ζ f (s) ∈ Ω, we may uniquely decompose points x near Γ f as 1) where N 1 (s) and N 2 (s) are orthogonal unit vectors which are also orthogonal to the tangent vector ζ f (s), defined by ∂N
is the normal curvature vector with respect to {N 1 , N 2 }. (ii) The whiskers of length 3 < 1/K, in the unscaled distance, defined for each s 0 ∈ S by, w s0 := {x : s(x) = s 0 , |z(x)| < 3 /ε}, neither intersect each-other nor ∂Ω (except when considering periodic boundary conditions).
(iii) The length, |Γ f |, of Γ f is bounded by K/ε.
For an admissible codimension two interface Γ f the change of variables x → ρ(s, z) given by (3.1) is a C 4 diffeomorphism on the reach of Γ f , defined as the set
where z := (z 1 , z 2 ). We introduce R(x) = |z(x)| which denotes the scaled distance of x to Γ f . Within the reach the cartesian Laplacian admits the local form
where the lower order terms are immaterial for the analysis. The Jacobian of the change of variables (3.1) takes the form
If the underlying curve Γ f evolves in time, then its normal velocity vector
takes the form
∂t reflect lower-order contributions to the normal velocity induced by the rotational motion of the normal vectors to Γ f (t). See [Dai and Promislow, 2015] for further details. R + → R which tends to a constant value f ∞ at an O(1) exponential rate as R → ∞, we define the
where χ : R → R is a fixed, smooth cut-off function taking values one on [0, 1], and zero on [2, ∞). We call f Γ f the dressing of Γ f with f , and by abuse of notation we will drop the Γ f subscript when doing so creates no confusion.
Within the reach Γ f , the quadratic term within the FCH, (1.1) reduces at leading order to a second-order non-autonomous ODE in R on R + . We define the codimension two profile φ f (R), to be the solution of this equation (3.10) subject to the boundary conditions ∂ R φ f (0) = 0 and φ f → b − as R → ∞. We denote by U f the dressing of Γ f by φ f . As in the codimension one case, we introduce the operator
corresponding to the linearization of (3.10) about φ f . The operator L f ,0 is the radially symmetric reduction of the associated cylindrical Laplacian,
This operator is self-adjoint in the usual R-weighted L 2 (R + ) inner product. Moreover, the translational
These spaces are invariant under the operator L f , and mutually orthogonal in L 2 (Ω). Moreover, on these spaces L f reduces to
where
Each operator L f ,m is self-adjoint in the R-weighted inner product, and the operator L f ,1 has a 1-dimensional kernel spanned by its ground state , respectively. We address the kernel of L f ,0 with the following assumption. Assumption 1. We assume that the operator L f ,0 has no kernel and a one-dimensional positive eigenspace spanned by ψ f ,0,0 .
With this assumption we may define the functions (3.16) for j = 1, 2 and their Γ f dressings.
Inner and outer expansions
Considering initial data that is close to a filament dressing of an admissible hypersurface,
In the far-field,Γ f , , the outer solution u has the expansion 17) and within the reach Γ f , , we have the inner spatial expansion
The time derivative of the inner density functionũ, defined in (3.17), combined with the normal velocity, (3.7), takes the form
For a whisker identified by s ∈ S, with base point x = ρ f (s, 0) ∈ Γ f we choose vectors n, m ∈ span{N 1 , N 2 } in the normal plane of Γ f at x, and choose θ so that
The usual directional derivative along n is denoted 21) and for f ∈ C ∞ (Ω/Γ f ) we introduce the n, m limit (3.22) and the limit of the gradient 23) where the limit exists. If f ∈ C 1 (Ω) then the normal derivative of f will satisfy (3.24) This motivates the following definition of the jump condition.
Definition 3.3. Given a radial function f := f (R) localized on Γ f , we define the jump of f across a given whisker by
which is zero when f has a smooth extension through Γ f .
With this notation we develop matching conditions
Expanding the left-hand side yields the following expression
where u n i denotes the limit of the left-hand side of (3.26) as εR → 0 + . Equating orders of ε for the matching condition (3.26) yields
The chemical potential, defined in (1.2) admits similar inner and outer expansions. The outer expansion is identical to that for the codimension one case, see (2.16) and (2.17). The inner expansion takes the form
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The relevant matching conditions for the chemical potential are extend to second order in ε: 36) 3.3 Time scale τ = εt : quenched vector-curvature driven flow
The analysis of the outer expansion of the chemical potential is identical to the codimension one case, and we find at leading order that u 0 = b − , µ 0 = 0, while at O(ε) we obtain
(3.37)
In the inner region we supplement the inner expansions (3.18) and (3.30) with the inner expression of the Laplacian (3.5). At leading order in ε we find 38) whereμ 0 is defined in (3.31). This equation is consistent with the choice of initial dataũ 0 = φ f which implies thatμ 0 = 0 and hence µ 0 = 0 via the matching conditions. With this reduction the subsequent orders become (3.40) whereμ 1 andμ 2 are defined in equations (3.32) and (3.33), respectively. Similarly, the combined system (3.39) and (3.38) coupled through the matching condition (3.35) implies thatμ 1 =μ 1 (s, t) = µ 1 are all spatially
By Assumption 1 we know that ker L f ⊂ ker L f ,1 ⊂ Z 1 while the right-hand side of (3.41) lies in Z 0 . Since the spaces Z m are mutually orthogonal, we may solve forũ 1 ,
where µ 1 is a spacial constant and Φ f ,2 is defined in (3.16). With this simplification equation (3.40) becomes
To find matching conditions for µ 2 we expandμ 2 in (R, θ) inner-polar coordinates
From the matching condition (3.36) we see thatμ 2 grows at most linearly as R → ∞ and (3.46) where the second equality follows from the definition of the directional derivative along n, given in (3.21).
Taking the R derivative of (3.44) yields
Comparing (3.47) with (3.46) we conclude thatξ =ξ(s, θ), and hence
which, substituted into (3.46) yields the no-jump condition across the codimension two hypersurface Γ f
for any choice of normal vector n. Moreover, combining (3.47) and (3.46), recalling that a(R) decays as R → ∞, and comparing coefficients of the trigonometric terms yields the relation
To determine the normal velocity we substituteũ 0 = φ f into the expression (3.33) forμ 2 , which reduces tõ
where we have introduced
Using the polar coordinates extension of the Laplacian, and expansion (3.44) forμ 2 , the right-hand side of equation (3.43) takes the form
Changing the z gradient to polar coordinates in the left-hand side of equation (3.43) yields (3.54) so that matching coefficients of trigonometric terms in (3.43) shows that A m = B m = 0, for m ≥ 2 while the remainder of the terms satisfy
55)
56)
(3.57) Equation (3.55) has the solution 58) and the non-homogeneous equations, (3.56) and (3.57), have the solutions
where a(R) is the solution of the non-homogeneous ordinary differential equation
given by the explicit formula
where we introducedφ
which is positive and decays to 0 as R → ∞. With these reductionsμ 2 takes the form
To solve equation (3.51) forũ 2 we rewrite it in the form
The expression (3.65) can be solved forũ 2 if and only if the right-hand side is perpendicular to
We decompose Q into its Z m components
where Q 0 ∈ Z 0 , Q 1 ∈ Z 1 , Q 0,2 ∈ Z 0 + Z 2 , are given by
Since the spaces Z m are orthogonal and L f (R)⊥ ker L f , the solvability conditions reduces to
To evaluate these conditions we expand Q 1 using the expression (3.42) forũ 1 ,
The inner product of ∂ zi φ f withμ 2 given in (3.64) yields 74) where the second equality follows from the matching condition (3.50), and we have introduced
Using (3.72) and (3.74) in (3.71) we arrive at the expression for the normal velocity
where the outer chemical potential, µ 1 , satisfies equation (3.37) subject to the inner jump condition (3.49) and the exterior boundary condition n · ∇ x µ 1 = 0 on ∂Ω. The inner chemical potential satisfies µ 1 = µ 1 (s, τ ) on Γ f . Since the one dimensional Hausdorff measure of Γ f is finite, it has zero one-dimensional capacity, and 27 hence µ 1 has a harmonic extension to all of Ω. Applying the Strong Maximum Principle we deduce that µ 1 is spatially constant and the normal velocity reduces to
The constant value of u 1 is determined by the conservation of total mass, and is coupled to changes in length of the interface Γ f . Combining the inner and outer expansions of u yields the composite expansion
which has the far-field asymptotics,
79)
The total mass of the system is given by
where the outer integral takes the value
Using (3.78) and the Jacobian, (3.6), we evaluate the inner integral
Assuming that |Γ f | ∼ O(ε −1 ), as is commensurate with an O(1) amphiphilic mass, we expand 83) to arrive at the total mass expansion
Taking the τ = εt time derivative of the total mass, (3.84), and solving for
On the other hand, any admissible codimension two hypersurface evolving with normal velocity V satisfies
Combining this expression with (3.77) yields
Plugging (3.85) into equation (3.87) and solving for dµ1 dτ we obtain the leading order evolution equation
Introducing the quantities
we write the coupled geometric evolution and the far-field chemical potential as
90)
This system exhibits the same quenching behavior as the codimension one evolution, with the distinction being that the equilibrium far-field density for a codimension two hypersurface takes the form
as µ * b is generically not equal to µ * f , we find that bilayers and filaments do not generically co-exist at equilibrium, which establishes a competition between the two morphologies.
Competitive evolution in amphiphilic materials
We combine the geometric flow results derived in sections 2 and 3 with the pearling stability results for bilayers and filaments presented in [Kraitzman and Promislow, 2017] to produce an overall picture of the complexity of transients and bifurcation structure of the strong FCH system in R 3 .
Geometric evolution of codimension one and two systems
Fix Ω ⊂ R 3 and let Γ b and Γ f be admissible codimension-one and codimension-two morphologies with reaches, Γ b, and Γ f , that are disjoint. For a given value of the chemical potential, µ 1 , the quasi-steady bilayer solution u b , given in (2.43) and filament solution u f , given in (3.78) satisfy identical far-field asymptotics
Consequently we may form the composite solution
parameterized by Γ b , Γ f , and the common, slowly varying, chemical potential µ 1 . Recalling the scalings (2.48) and (3.83) of the surface area and length of Γ b and Γ f respectively, the total mass of the composite solution
where m b , the bilayer mass per unit area, is defined in (2.42), andm f := 2πm f denotes the filament mass per unit length, defined in (3.73). Expanding M = εM + O(ε 2 ) and solving for µ 1 yields relation between the morphology size and the chemical potential µ 1 ,
Taking the time derivative of (4.4) and using the relations (2.50) and (3.86) to relate the growth of the hypersurfaces to the normal velocities, yields
where the constants ν b and µ * b are defined in (2.52) while ν f and µ * f are defined in (3.89). Coupling this equation to the normal velocities for the bilayer and filament derived in (2.53) and (3.90) gives a closed system for the combined hypersurface motion and far-field chemical potential. Both finger unstable. 
Analysis of network evolution and bifurcation
The analysis presents a bifurcation diagram with four thresholds that delineate distinct behaviors.
The signs of the shape factors S b and S f depend upon the choice of the double well, W , and impact not only the sign of the right-hand sides of (4.6) and (4.7) but also the direction of the inequalities, see Figure 2 (right).
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The chemical potential evolves on the τ = O(1), equivalently the t = O(ε −1 ) time scale, the same time-scale as the fingering instability which is driven by the motion against mean curvature. Within the H −1 gradient flow, the pearling instability produces eigenvalues of size O(ε −1 ), [Kraitzman and Promislow, 2017] and hence will manifest itself on the t = O(ε) timescale, essentially instantaneously on the τ time-scale of the geometric flow and the chemical potential evolution.
We investigate the variation of these stability regions as functions of the well shape, for simplicity plotting the stability regions in the µ 1 − η d plane, with the assumption that η 1 = 0.15 for the fingering bifurcation boundary. To parameterize the well shape we fix b ± = ±1 and insert a one-parameter well tilt, ξ into the double-well potential,
where the parameter ξ controls the value of W at the right well u = b + , see Figure 2 (left).
For the µ 1 dynamics, as η 1 and η 2 are fixed parameters, the temporal evolution of µ 1 traces a vertical line segment on the diagram, with µ 1 decreasing if it is larger than both µ * b and µ * f and increasing if it is smaller than both. The region bounded by the points {µ * b , µ * f } is attracting and forward invariant under the flow see Figure 2 (center). Within this invariant region the direction of the flow depends upon the relative sign and overall curvature of the two morphologies; however the total area/length of the morphology with the larger equilibrium value decreases monotonically and the other increases monotonically, so long as the morphologies remain admissible. Indeed, although the fingering instability is suffered by the morphology which is growing, barring loss of admissibility, the shrinking morphology generically will suffer extinction in finite time. To illustrate the dynamics, consider a hybrid morphology consisting of N b spherical bilayers of radii R 1 , . . . , R N b and ε −1 N f circular hoops of radii r 1 , . . . , r N f . These constant curvature structures are immune to the fingering instabilty, and the radii satisfẏ
12) 15. Instabilities are indicated in key regions, the region of bilayer pearling instablity is shaded light blue, the filament pearling instability is shaded yellow, the invariant region is grey, and the the admissible region (all stable) is dark grey.
The µ 1 evolution depends upon the spherical bilayers only through their total number. Consistent with the discussion above, the radii grow, if µ 1 > max{µ * b , µ * f }, with the morphology with the smallest equilibrium value growing most quickly, and shrink if µ 1 < min{µ * b , µ * f }, and reach zero in finite time. Indeed the system (4.11)-(4.13) can only reach equilibrium after one phase has entirely been extinguished, at which point µ 1 converges monotonically towards the equilibrium value of the remaining morphology, although that phase could extinguish before µ 1 reaches equilibrium. In the process of casting from a high density of suspended amphiphilic material, µ 1 begins above max{µ * b , µ * f }, and both bilayers and filaments initially grow while µ 1 decreases until it passes below max{µ * b , µ * f }, subsequently the phase with the higher reference value shrinks until it is extinguished, and the remaining phase grows as µ converges at an exponential rate to the lower reference value. Barring pearling bifurcations, the casting of radially symmetric morphologies from dispersed amphiphilic material results in a suspension of a single morphology with the lower reference value of µ 1 . We say that the morphology with the lower value of reference value of µ * is dynamically favored.
In Figure 3 , the pearling bifurcation lines are added and the full stability diagram is shown for ξ = −0.85, −0.7, −0.5, and −0.3. For ξ = −0.85, S f is positive, S p is negative, and the filament pearling instability region (yellow) lies above the bilayer pearling instability region (light blue). For ξ = −0.7 the two pearling instability lines almost coincide, and for ξ = −0.5 they have crossed, with the filament pearling instability region above the bilayer pearling instability region. The admissible region, formed by the intersection of the four stability regions, gradually shrinks as ξ increases, and disappears at ξ = −0.3, when the filament pearling instability line becomes parallel to and then steeper than the bilayer fingering instability line. Generically, the admissible region is not forward invariant, and morphologies can remain within the admissible region 
Analytic bifurcation diagrams and comparison to simulations
We compare the evolution of numerical simulations of the H −1 gradient flow of the FCH free energy, (1.3), to the corresponding bifurcation results and to simulations from a self-consistent mean field model. The natural parameters impacting stability are the functionalization parameters η 1 and η 2 , the scaled chemical potential simulation we discovered t u r es in disper sed dr op-F igu r es 1 a n d 2). Th e t a n d fr a gile: t h e m olecrived from self-assembly r su r fa ct a n t a ssem blies ft n a n ot ech n ology, dr u g gen eou s ca t a lyst s, a er ot s. P a t t er n ed n a n ost r u cpplica t ion s, a n d a bet t er on is of paramount intern er a t e t h e st r u ct u r es by let of polymer surfactant r ela x t h e st r u ct u r e by a en t -field t h eor y. Th e fr ee la ce of bea ds in a m ea nct ion for a m ixt u r e of I is the external potential y F I , and F MF is the meanix). Th e m in im iza t ion of it er a t ion , a da pt ed fr om s algorithm for collective Rou se dyn a m ics we pr oposed befor e. 1 Th e dyn a m ic equ a t ion s a r e wh er e f I ≡ -k T δ ln φ/δU I is t h e den sit y fu n ct ion a l of t h e polym er (or solven t ) m olecu le, wit h t h e m ea n -field ch em ica l pot en t ia ls µ MF ,I ≡ δF MF /δF I as variables. It can be sh own t h a t t h e den sit y dyn a m ics equ a t ion s h a ve t h e sa m e kin et ic coefficien t s a s collect ive Rou se dyn a m ics, which is proper for the spinodal-like microphase separat ion in t er n a l t o t h e dr oplet s. 2 As a t ech n ica l n ot e, t h e algorithm is fully explicit in the concentration variables and thereby avoids calculation of the external potentials.
Figu re 1. Mor ph ologies of A N -M B M polym er su r fa ct a n t n a n odr oplet s (isosu r fa ces pa r t ly r em oved for visu a liza t ion ). Solvoph obic A con cen t r a t ion field for differ en t block r a t ios f ) M /N . The system was relaxed for 5µ seconds, and the top image shows a snap-shot of the through-plane structure of the two leaflets, the middle image is a top down view color-coded according to the deformation of the membrane along the normal direction, with GM3 lipids depicted in magenta and other lipids not shown. The bottom image relates the correlation between lipid type and membrane curvature. (Right-panel) Mouritsen's characterization of morphologies generated by lipid-solvent mixtures based upon the aspect ratio, V /al, of the truncated cone of volume V , cap area a, and length l, that best contains the hydrophobic (tail) component, [23] . In the mFCH free energy, (1.7), the aspect ratio is incorporated into both the intrinsic curvature, via the non-solenoidal perturbation V, and the selection of co-dimension through pearling bifurcations mediated via the average value of P (u) over the profile, with co-dimension 3 micelles correspond to small values of P , and increasing values leading to co-dimension 2 filaments, and codimension 1 bilayers. (Right-bottom) For LPC, [6] , the relation between the aspect ratio of the hydrophobic cone, the intrinsic curvature, and the energy required to flatten the layer. protrusions. During the simulation the bilayer radius grew, the filaments shrunk, and neither pearled, the τ = 3 end state is presented in Figure 4 (left/top-left). Two simulations were conducted for ξ = −0.2, for the simulation with η d = −0.09 the initial value of µ 1 lies at the boarder of the bilayer pearling region, and the initial stages of the simulation (t < 5) displayed the onset of pearling, however the value of µ 1 decreased out of the pearling region as the filaments and bilayers grow and the pearling evanesced, restoring the unpearled 35 bilayer structure. The end-state is presented in Figure 4 (left/top-right), there is less shrinking of the circular filaments than in the case η 2 = −0.15 and the filaments are thinner due to the stronger well tilt. The ξ = −0.2 simulation with η d = 0 but an identical initial value of µ 1 starts in the middle of the bilayer pearling region, the simulation shows that the bilayer pearled fully and the value of µ 1 increased, see Figure 5 (bottom-left).
The simulations with ξ = −0.25 and ξ = −0.3 begin within the bilayer pearling region, see Figure 5 (top-left and top-right) and rapidly pearled with the ξ = −0.25 simulation pearling around t = 5 and the ξ = −0.3 simulation fully pearled at the first output time of t = 1. The pearling leads to an increase in µ 1 as the bilayer sheds net lipid mass to the background state. The end states are depicted in Figure 4 (left/bottom-left and bottom-right). Both finger unstable.
Both pearling unstable.
Bilayer pearling unstable. Both finger unstable.
Bilayers finger unstable, filaments pearling unstable.
Bilayers finger unstable. Both pearling unstable. Both finger unstable.
-d Bifurcation
Bilayers finger unstable. Both pearling unstable. The phenomenon of bilayer pearling instability was observed by Fraaije and Sevink, who assembled a self-consistent mean field density functional model describing the free energy of amphiphilic diblock polymer surfactants embedded in solvent, with model parameters based upon poly(propylene oxide)-poly(ethylene oxide) diblock in an aqueous solution, see [Fraaije and Sevink, 2003 ] and reference therein. They simulated spherical nanodroplets of 15% solvent and 85% polymer by volume. Changing the block ratio, the ratio of the length of the hydrophilic portion of the diblock chain to the length of the hydrophobic portion, they uncovered a series of bifurcations that lead from stable bilayers, to pearled bilayers to a continuous filament pattern decorated with Y -junctions and endcap defects, see Figure 4 (center). This change in block ratio from 35% amphiphilic polymer down to 20% amphiphilic polymer increases the aspect ratio of the minority phase.
Within the context of the FCH, the parameter η 2 weighs the energy requirement of compressing the minority phase into the restricted core of a higher codimensional structure, where the double well W is negative. In particular, bilayer profiles reside in the positive region of the double well, W (φ b ) > 0, while the filament profile accesses the negative regions of W , consequently negative values of η 2 lower the energy cost of filaments relative to bilayers. In this sense positive values of η 2 penalize compression, which is analogous to lipid aspect ratio near one, while negative values of η 2 favor the packing found in high codimension morphologies, analogous to a high aspect ratio lipid, see Figure 4 (right). These preferences are born out in Figure 3 , for all values of ξ, there is a region of bilayer stability below the solid blue fingering stability line and to the left of the dotted blue pearling stability line formed either by the dark gray admissible region or the yellow filament pearling instability region. Initial configurations started in this region would produce stable bilayers, see 
Comparison of analytical bifurcation diagrams to experiments
We compare the bifurcation structure derived for codimension 1 and 2 hybrid morphologies within the FCH gradient flow to experimental results of Dicher and Eisenberg and Jain and Bates reprinted in Figure 1 . In addition we map the experimental results of Szostak et al onto the FCH bifurcation diagram.
Bifurcations of Dicher and Eisenberg
The bifurcation study of Dicher and Eisenberg, [Discher and Eisenberg, 2002] , depicted in Figure diagrams requires a tuning mechanism within the well shape W that affords robust pearling inhibition. Such a mechanism is proposed within the context of multicomponent models in [Promislow and Wu, 2017] . Both pearling unstable.
Polymersomes from Block Copolymers in Aqueous Solutions
Extending many years of experience in the manufacture and characterization of liposomes, diblock copolymer vesicles have also been made and studied in strictly aqueous solutions. Unlike the precipitated shells above, which clearly illustrate aggregate assembly but otherwise use highly asymmetric diblocks (f hydrophilic Ͻ 20%) and have many uncharacterized properties (e.g., solvent distribution or stability in purely aqueous solution), the vesicles reviewed below have so far involved the use of shorter and/or less glassy copolymers. Nonetheless, MWs are still far greater than those of lipids. Maintaining the stability of potential encapsulants or surface modifiers such as folded proteins is one important practical motivation, as discussed below. The dipeptide construct PS 40 -poly (isocyano-L-alanine-L-alanine) m (Fig. 1A, c) is an early example of a diblock that assembles directly under solvent-free aqueous conditions (30). It is semisynthetic in the sense that it contains naturally occurring peptide moieties-a design expanded upon in recent years. Under mildly acidic conditions and for m ϭ 10 (but not m ϭ 20 or 30), collapsed vesicular shells tens to hundreds of nm in diameter were observed coexisting with rodlike filaments and chiral superhelices (recall the coexistence region in Fig. 2A) .
With the use of fully synthetic diblock copolymers of PEO m -PBD n (PBD, polybutadiene) (Fig. 1A, d ) and the hydrogenated homolog PEO-polyethylethylene (PEO m -PEE n ), more monomorphic, unilamellar vesicles referred to as "polymersomes" have been made under a variety of aqueous conditions (31-38). Figure 3A shows how addition of water to a lamellar (15) film, micrometers thick, generates polymersomes. Initial quantitative studies of small solute (e.g., doxorubicin) and protein encapsulation (36) during hydration indicate efficiencies comparable to liposomes and suggest the potential for novel polymer-based controlled-release vesicle systems. On the basis of the examples above (and more below), one unifying rule for polymersomes in water is a phospholipid-like ratio of hydrophilic to total mass: f hydrophilic Ϸ 35% Ϯ 10% (35). A cylindrically shaped molecule that is asymmetric with f hydrophilic Ͻ 50% presumably reflects the ability of hydration to balance a disproportionately large hydrophobic fraction. Molecules with f hydrophilic Ͼ 45% can be expected to form micelles, whereas molecules with f hydrophilic Ͻ 25% can be expected to form inverted microstructures. Sensitivities of these rules to chain chemistry and MW have not been fully probed, but copolymers following these rules and yielding polymersomes have thus far had MWs ranging from ϳ2700 to 20,000 g/mol. Moreover, cryogenic transmission electron microscopy (cryo-TEM) of 100-to 200-nm vesicles shows that membrane cores increase [Discher and Eisenberg, 2002] . Reprinted with permission from AAAS.
Bifurcations of Jain and Bates
The bifurcation study of Jain and Bates [Jain and Bates, 2003 ], depicted in Figure 1 is colored green, to indicated a highly mixed end state. The initial data lies in the bilayer pearling region, but passes transiently through it to bilayer pearling stability region. Depending upon the form of the initial bilayer morphology they may either fully pearl and form filament networks, or persist as bilayers and then grow after the return to pearling stability. Filament networks formed by pearled bilayers typically host many Y -junctions and end caps. This network will expand until µ 1 crosses the red-solid filament fingering line, at this point the filaments will shrink, although the impact of the end-caps and Y -junctions is unclear, and finally the filaments will pearl themselves if µ 1 shrinks below the red-dotted filament pearling line. The end result of the evolution is strongly dependent upon the form of the initial data, and would be very hysteretic in this regime. The uncertainty in the evolution is indicated through the dotting of the green arrow, and is consistent with co-existing bilayers, filament networks, Y -junctured filaments, and end-cap defects, see Fig. 2C . Decreasing the size of the PEO block (i.e., from w PEO ϭ 0.42 to 0.39 to 0.34) increases the population of Y-junctions to the point of network formation and phase separation. We emphasize that a systematic search of N PB ϭ 46 diblock copolymer solutions between the B and C states ( Fig. 1) failed to uncover such phase behavior (18). Increasing diblock copolymer molecular weight has another notable consequence. The equilibrium solubility in water drops exponentially with the degree of polymerization, resulting in extremely slow exchange dynamics between individual micelles (19). Hence, fragmentation of the network phase by stirring or sonication produces a nonergodic dispersion of particles. Until buoyancy forces compact and fuse these particles (smaller particles should survive longer under the action of thermal motion), each is subject to a localized free-energy optimization.
We have exploited this property to produce small, isolated micelles in the 1 wt% w PEO ϭ 0.34 aqueous solution by agitation. Representative cryo-TEM images taken from numerous examples are illustrated in Fig. 3 . These images tell us much about the self-assembly characteristics of this PB-PEO diblock copolymer. All of these complex micelles (along with the network fragments shown in Fig. 2 , B and C) are constructed from only three elements: Yjunctions, spherical end caps, and cylindrical loops. (One of the most distinguishable differences between the w PEO ϭ 0.34 and 0.39 dispersions is the nearly complete lack of linear cylinders in the former.) Y-junctions can be found with three spherical caps (Fig. 3A) , two caps (Fig. 3, D, E , and H), one cap (Fig. 3 , B to D, F to H, J to L, and N), and no caps (Fig. 3, I The bifurcation sequence depicted in Figure 1 (right) for N PB = 45 corresponds to a much shorter, stiffer diblock polymer. In this regime the network and defect-laden filament phase are not observed, rather increasing w PEO weight fraction leads to a bifurcation from bilayers, to coexistence of bilayers and filaments, to filaments, to coexistence of filaments and micelles, and finally to micelles. While this general trend is supported by the structure of the fingering bifurcations, as in Figure 6 (left), within the context of the scalar version of the FCH free energy presented herein, the pearling bifurcation cannot be fully suppressed as in these experimental sequences.
Bifurcations of Szostak et al
Both fingering instabilities and pearling were investigated by Szostak et al in a series of papers that proposed mechanisms for cell division in primitive single-celled organisms. Specifically, Szostack postulates that the strength with which primitive lipid bilayers held onto their lipids was a defining factor in evolution: membranes that more easily lost lipids to the ambient bulk phase would be effectively eaten by those that held them more tightly. To stimulate "primitive" cell division, closed liposomes where produced from a lipid suspension, these correspond to a codimension one phase dressed from an admissible interface. The ambient level of lipids in the bulk was increased by an injection of dispersed lipid molecules which affect a fingering instability in the bilayer that reduces it to a collection of filaments, see [Budin and Szostak, 2011] and Figure 8 (left).
Subsequently, filaments where prepared with light sensitive lipids, in situ illumination triggers a redox reaction which increases the charge density of the lipid heads, increasing their hydrophilicity, with the result that the filaments pearl and break into individual micelles, see [Zhu et al., 2012] and Figure 8 (left) . This two-step process can be interpreted within the context of a µ 1 − η 1 bifurcation diagram. Considering an isolated bilayer at equilibrium with its bulk, that is with µ 1 near to µ * b , the first experimental step can be thought of as an instantaneous jump in the value of µ 1 to a region of the bifurcation diagram corresponding to fingering instability in the codimension one liposome. The second, photo-induced redox step increases the hydrophiliicity of the head groups but leaves the aspect ratio of the lipids untouched can be modeled as an instantaneous increase in η 1 , with no change to η 2 or µ 1 , that results in a jump to a region of filament pearling instability. 
Discussion
We have presented a multiscale analysis of the H −1 gradient flow of the FCH free energy corresponding to initial data close to admissible codimension one (bilayer) and codimension two (filament) morphologies, deriving their curvature driven flow coupled through the evolving far-field chemical potential, µ 1 . This flow is the morphological competition, which barring other bifurcations leads to an end state corresponding to the morphology with the lower equilibrium value of the far field chemical potential. In particular we identify regimes in which the curvature driven flow leads to growth or evanescence of each phase, with the growth being potentially morphologically unstable, while the decay is smoothing but may lead to finite-time extinction. We couple this with a characterization of the pearling bifurcation for each morphology; these two bifurcations characterize the stability of each morphological phase and permit the development of qualitative bifurcation diagram. One of our key predictions is that codimension one and two morphologies do not coexist on the long, t = O(ε −1 ) time scale within the strong FCH gradient flow. This contradicts some experimental results, but it could be that the transients to achieve single codimension morphology are long compared to experimental patience.
We compare the analytical bifurcation diagram to results from numerical simulations of the FCH gradient flow, to simulations of a self-consistent mean-field density functional model for amphiphilic polymers, and to three sets of experimental studies of amphiphilic polymers. We find that the self-consistent mean-field density functional model proposed, [Fraaije and Sevink, 2003] , predicts a bifurcation sequence of radial bilayers, pearled bilayers, and filaments with end-cap defects in strong qualitative agreement with the FCH bifurcation structure, in particular the structure of the pearled spherical bilayers computed by both models are in excellent agreement. The experimental bifurcation analysis of Jain and Bates, [Jain and Bates, 2003] , was conducted at two polymer lengths, long polymers with N PB = 170 and shorter ones with N PB = 45. We find strong qualitative agreement between the FCH bifurcation structure and the experimental results for the longer chains, with the FCH results suggesting that the development of complex morphology could be produced in a region in which bilayer pearling and filament fingering bifurcations lie in close proximity. The passage of the far-field chemical potential through these bifurcations engenders network morphologies with Y -junctions, end-caps, and stable pearled filaments. This complexity would be very hysteretic in that the morphologies produced by passage through these bifurcations would not be reversed by a returning of the state variables to the initial values.
The FCH model with the parameter choices presented herein does not qualitatively reproduce all of the experimental results. Both the solvent quality bifurcation experiments of Dicher and Eisenberg, [Discher and Eisenberg, 2002] and the short polymer N PB = 45 experiments of Jain and Bates do not show evidence of pearling bifurcations.
Complex morphology is not exhibited, and Dicher and Eisenberg show that the morphology is remarkably reversible: hysteresis is not observed. However, the experimental bifurcation structure is well described by the FCH fingering stability curves. Nonetheless, fingering and pearling instabilities play an integral part of the amphiphilic polymer dynamics, as there are exploited by Szostak et al to produce their "primitive" cell division pathway, in good correspondence to the FCH bifurcation structure.
To match the full range of experimental results the FCH free energy needs a tunable mechanism to robustly inhibit the pearling bifurcation. These can be achieved in two ways. The first is physically motivated: pearling is a modulation of bilayer width, and shorter polymers are stiffer and lead to bilayers with a less compressible width. The compressibility of the bilayer is tunable through the slope of the well W as the the value u at which the bilayer density is greatest. Tuning this slope to be large represents a stiffer diblock and may serve to inhibit the pearling mechanism. The second mechanism is mathematical: the pearling bifurcation arises from a balance between the positive eigenvalue λ b,0 of the linearization L b,0 , see (2.7) about the bilayer profile, and the negative eigenspace of the Laplace-Beltrami operator, ∆ s . The balance cannot occur if the operator L b,0 is non-self adjoint and only has positive real part spectrum that have non-zero imaginary parts.
This arrangement can be tuned and detuned within a multicomponent model, providing precisely the desired mechanism for robust pearling inhibition.
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There remains a considerable amount to address within the family of FCH energies. The FCH is at some level a phenomenological model, its parameter values are not tunable from first principles. The FCH parameter values can be fit to experiments, or subscale molecular simulations, much like Flory Huggins parameters.
Nonetheless, fitting the full form of a complicated well W , especially for multicomponent models, may be challenging. Even within the simple model presented here, the role of micelles on morphological competition has not been addressed, and their stability, including their growth into dumbbells and end-caped filaments is a primary instabilty mode that leads adiabatically from a codimension three structure into a defective codimension two morphology. As there is almost no analytical characterization of defect modes, the micelle to dumbbell instability is worthy of study on a purely mathematical basis.
